For a spherically symmetrical intermolecular potential V (r) = Ef(r/cr) the quantum calculation of the elastic scattering cross section dcr(O) /dfI. in the c.m. system is carried out as follows.
V(r) =if(rlu) ,
the quantum mechanical problem of the elastic scattering of molecular beams is already solved, in principle, by the standard Mott-Massey theory.l For a given relative velocity v (or deBroglie wavelength X) and an assumed V(r) the radial wave function is integrated for successive values of the angular momentum quantum number 1, yielding the phase constants 'Ill. Then the differential elastic scattering cross sections (in the c.m. system) du (fJ) I dn are computed in terms of the 
+[2:(2/+1) (cos2'11z-1)Pz(cosfJ)]2}, (2)
z where k = 27r IX = J.l.V 1ft, J.I. is the reduced mass, and v is the initial relative speed; P z is the Legendre function.
In connection with the problem of the elastic scattering of electrons, Kenneth Smith 2 has developed a computational program for evaluating the radial wave function from which the phase shifts may be calculated. This program has now been adapted to the molecular beam scattering problem, and extensive calculations . have been carried out and are here reported for the commonly used 6) (Clarendon Press, Oxford, England, 1949) , 2nd ed.
2 Kenneth Smith, private communication, June 24, 1959 . The computational scheme is outlined briefly in a report by K. Smith, W. F. Miller, and A. J. Mumford, Argonne Nat!. Lab., February 9,1960. (12,6) potential function. The results may be concisely represented using the framework provided by the semiclassical treatment of Ford and Wheeler, i.e., in terms of a set of reduced phase constants vs reduced angular momenta at various reduced relative kinetic energies K. Tables and graphs are presented from which the phases may be obtained, to a good approximation, for any given E, cr and K. Computation of the differential and total cross sections from the phase shifts is then readily accomplished.
The results are compared with the classical and semiclassical treatments. The problem of tunneling and orbiting is discussed.
tion, which may be expressed by
where x = rlu and V*= V If is the reduced potential.
METHOD
The differential equation for the radial wave function R(r) is usually written 1 ,3 
where
and E= !J.l.V2 is the initial relative kinetic energy.
The following dimensionless parameters are introduced:
A=ku and B=(2J.1.lft2)fU 2 .
Eq. (4) becomes
where y(x):=Gz(r). Alternatively, Eqs. (4) and (7) may be written in terms of the reduced relative kinetic energy, defined as
Here B may be considered an independent variable, with either A or K as the second independent variable. Then where a reduced angular momentum function Veff* may be defined by the relation
Thus Eq. (7) may also be written
For r sufficiently large so that I U(r) l«k 2 , the solutions of Eq. (4) are 1 ,3
G1(r),-.{n-kr/2) ![cos17zll+! (kr) +(-1)lsin171J_H(kr)J, (13)
where the J's refer to the usual half-odd-order Bessel functions.
In terms of the reduced parameters,
where jl(z) and nl(z) are the spherical Bessel and spherical Neumann functions, respectively, and C is a constant independent of x. The phase shifts 171 are defined 1 in terms of the asymptotic solutions of Eq. (4) as r~oo: Thus, the procedure is as follows. Apparent phase shifts are calculated for successive zeros of y and are compared; when the difference between successively determined 171 values becomes negligible it may be considered that the condition (i U(r) l«k 2 ) necessary for the validity of Eq. (14) has been attained and that 17l has been evaluated.
The procedure outlined thus far (which is standard in the field of nuclear scattering) has also been employed by a number of workers 4 -7 interested in the low temperature properties (especially the second vi rial coefficient) of helium. In the present instance, the computations were facilitated by the use of an IBM 704 computer. The standard Runge-Kutta-Gill (RKG) method was employed for the numerical integration of the wave equation.
A few features of the present computational program may be noted. First, regarding the boundary conditions, it was advantageous to modify the assumed potential so that for x<x., V=oo (and thus y=O), while for x 2:: x., V=ef(x) as usual. For the L-J (12,6) case, it was found that all zeros of y (and thus the phase shifts) were substantially independent of x. for x.:::;0.7 (corresponding to V*2:: 255). In addition, it was noted 2 that any arbitrary value of the initial slope, Yo', could be used; the zeros of yare independent of Yo'. Lastly, as regards the interval size ~x in the RKG integration, it was found that for ~x:::;0.005, the zeros and phases were essentially independent of ~x; in most cases even 0.01 was adequate. The integration was carried out to a sufficiently large x (typically in the range from 5 to 15) such that the differences between successive apparent phases were consistently less than some predetermined value (usually <0.0002 rad). The computation time was usually ~ 1 min. 
RESULTS AND DISCUSSION
The results of the present study may conveniently be presented in two parts. Part A summarizes a detailed investigation of the radial wave functions, phase shifts and scattering cross sections for one particular example, the parameters for which correspond to the HrHg system. The scattering of H2 beams by Hg has been measured by Knauer while classical cross section calculations are available 9 for the L-J (12, 6) constants vs reduced angular momenta at various reduced relative kinetic energies K. With the use of the tables and graphs presented, it is possible to construct a set of phase shifts ' 11! for any L-J (12, 6) system of given E, (j and K. Only in a certain region of "1-l-K space (where the mapping has not been sufficiently extensive) would it be necessary to perform any direct phase calculations; otherwise, the phases may be satisfactorily estimated by the use of the tables within ±O.04 rad.
A. Calculations for the System: H2-Hg
The L-J (12, 6) parameters for the HrHg system are taken 9 to be: E= 2.46X 10-14 erg, (j=2.91X10-s cm; thus, one obtains the value of B= 124.1 [from Eq. (6) Although only the zeros of yare needed for evaluation of the phases, the complete radial wave function was an optional byproduct of the phase calculation. A number of representative wave functions were thus computed, as listed in Table II . Plotted on Figs. 1-4 are a few of the calculated radial wave functions y(x), all drawn with the same asymptotic (X-l-co ) amplitude, and vertically placed to indicate the reduced relative kinetic energy K. Shown are wave functions for K=0.2, 0.8, 1.8, and 3.2, which correspond to A=5, 10, 15, and 20, respectively. The asymptotic (X-l-oo) wavelengths are inversely proportional to A. The classical turning points (i.e., the distance of closest 11, 12, 15, 20, 25, 30 7 8, 10, 11, 12, 13, 14, 1~ 16, 17, 20 9 0, 12, 13, 14 10 0,3,5,8,10,15,16, 17, 1~ 20 15 0, 3, 10, 15, 20 20 0, 1, 2, 3, 4, 5, 6, 7, 8, 10, 15, 20, 25, 30, 40 1= 10, 11, 12, and 15. (It should be pointed out that, in contrast to Figs. 1-4, the amplitudes here are arbitrary and unrelated.) The barrier penetration is apparent in the curve for 1= 12. One also notes the "loss" of a zero in going from 1= 11~12; this gives rise to an abrupt change in phase shift (as anticipated from footnote reference 12). Similar results were obtained in other cases where A ~ 10 and 1~ 17. Of interest also is the location of the (classical) turning points, designated on the curves by small circles; the x on the curve for 1= 12 is, of course, classically inaccessible. Figures 6 and 7 show graphically the dependence of the phase shifts upon 1 at different values of A. The dotted lines are used simply to connect the different parts of the curves, i.e., to cross the discontinuities which arise from the "loss" of a zero. Figures 8(a) and 8(b) show the dependence of 71l upon A.
As generally understood, the short-range repulsive part of the potential is responsible for the negative loworder phases, while the long-range attractive part gives rise to the positive higher-order phases. As the relative kinetic energy is decreased the influence of the attrac- 11' /2. Using the semiclassical correspondence relation,
for the deflection function, e (l) was calculated for several values of A; the curves were quite similar to those calculated 9 classically, differing primarily in the region near the minimum in e.
A comparison of quantum vs classical calculation of the scattering cross sections is shown in Fig. 9 . Plotted is the angular dependence of the scattering calculated [from Eq. (2) ] for the case of A = 14.1 (K = 1.6) using phases interpolated from Figs. 6-8, compared with the classically calculated 9 curve for the same K. The predicted 14 discontinuity at the characteristic angle x. (designated "rainbow scattering" in footnote reference 10) is not evident in the quantum calculation.
In Fig. 10 Knauer's8 experimental data are compared with the quantum calculation for A=18 (K=2.6), which corresponds fairly closely with the "most probable" value of A under the conditions of the experiments. Properly, one should average over the , FIG. 7 . Phase constant vs angular momentum quantum number.
14 E. A. Mason, J. Chem. Phys. 26, 667 (1957) . appropriate distribution of relative velocities, which would, of course, destroy most or all of the undulating character of the quantum curve, and give more nearly the observed monotonic dependence of du/dn upon £J. In addition, phenomena connected with rotation of the H2 molecule and the spin of the protons will tend to wash out the structure that would be expected for the scattering of one ideal, monoenergetic, J = 0 system by another.
B. Generalization in Terms of Reduced Parameters
In the Ford-Wheeler12 semiclassical treatment the reduced phase constant is defined as
TJ*=TJ/(p,vu/h) =TJ/ A.
This is the same as the TJ* used in Eq. (16). For fixed v, the deflection function is given 12 by e= 2 (dTJ*/db*) , (20) where b* is the reduced impact parameter,11 b*=b/u. The reduced centrifugal potential analogous to the term l(l+1)/x2B in Eq. (11) is Kb*2/x2, so that the reduced angular momentum is Kb*2. The previously defined [Eq. (10) ] reduced angular momentum function {3 is then identified with b*.
According to the semiclassical treatment, a set of curves of 1]* vs b* for various values of K should be unique (i.e., independent of the deBroglie wavelength or of e). In footnote reference 10 (p. 317) two such curves (for K = 0.4 and 1.6) together with the corresponding deflection functions are shown.
Referring back to the quantum treatment, it is not obvious from Eq. (9) Figure 11 shows the results of the present calculations (for B= 125) plotted as f/* vs 13 for various K's.
The dotted curves identify the abscissa 13 as distinct from 13' (defined later) wherever the two are different.
These 1]* vs 13 curves are unsatisfactory for two reasons.
First, the semiclassical constraint on initial slopes, is not satisfied (in fact, an inflection point is noted at small 13) ; second, calculations of f/l made with different B and the same K yielded points (13, f/*) which were not on the same iso-K curve.
It is well known1.10.15.16 that increased accuracy is obtained in the JWKB approximation for the phases by replacing (in the centrifugal potential term) the quantity l(l+l) by O+t)2 (the so-called Langer modification) .16 In order to take advantage of as much as possible of the framework of the semiclassical treatment, a modified reduced angular momentum function was defined as
Of course, for large l, fJ'''''fJ''''l/ A, (as implied in footnote reference 10, p. 318).
The solid curves in Fig. 11 refer to abscissa 13'. These curves are found to satisfy the condition of Eq. (21).
Moreover, at low 13' they agree closely with the iso-K curves of f/* vs b* plotted in footnote reference 10, p. 317. (However, for b* greater than that corresponding to the maximum in f/*, the differences become appreciable.)
The important question, however, is not the extent of the agreement with the semiclassically estimated curves, but rather whether the iso-K curves obtained from the quantum calculations (the "Q-i-K" curves) are unique (i.e., independent of B, for example). With the exception of the problem of the "bounded region" for cases when K:::; 0.8, Table V Table  Vb , corresponding to the region of collision energies and angular momenta where orbiting or spiral scattering is possible, insufficient calculations of phase shifts were made to allow the precise location of the discontinuities in 1/* vs {3' at each value of K. Thus, for any individual case it would be necessary to make a few direct calculations of 1/ in the neighborhood of the discontinuities. A preliminary study has been made of the errors introduced in the calculated cross sections due to (a) random errors [of the order of ±0.02 to 0.05 in TJIJ and (b) omission of the small higher-order phases. Random errors do not significantly affect the general shape of the scattering curve, but rather introduce strong changes locally in a few regions. The "wavelength" of the undulations in dCT/dQ is governed primarily by 1/ A (or A) so that the positions of the maxima and minima are virtually unaffected. The error due to (b) is, however, more insidious; it affects the low angle scattering and thus may alter the total cross section Q by a significant degree. In addition, it is obvious that the accuracy of the numerical integration decreases (and the computing time increases) with increasing I, so that the integration technique is unsuitable for the precise calculation of the very high order phases (e.g., 1> 60). For improved accuracy in Q one should therefore use the Born approximation for the higher phases 18 and include in the calculation all phase shifts greater than about 0.005 rad. Further work in this direction with particular attention to the problem of the total cross section and its wavelength dependence is in progress. 
